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	Program Information
	[Lesson Title]

Probable Problems

	TEACHER NAME
	PROGRAM NAME

	
	[Unit Title]

	NRS EFL(s)
3 – 4 
	TIME FRAME
120 minutes

	Instruction 
	ABE/ASE Standards – Mathematics

	
	Numbers (N)
	Algebra (A)
	Geometry (G)
	Data (D)

	
	Numbers and Operation
	
	Operations and Algebraic Thinking
	
	Geometric Shapes and Figures
	
	Measurement and Data
	

	
	The Number System
	
	Expressions and Equations
	
	Congruence
	
	Statistics and Probability
	D.3.11, D.4.7, D.4.8, D.4.9

	
	Ratios and Proportional Relationships
	
	Functions
	
	Similarity, Right Triangles. And Trigonometry
	
	Benchmarks identified in RED are priority benchmarks. To view a complete list of priority benchmarks and related Ohio Aspire lesson plans, please see the Curriculum Alignments located on the Teacher Resource Center (TRC).

	
	Number and Quantity
	
	
	Geometric Measurement and Dimensions
	
	

	
	
	
	Modeling with Geometry


	
	

	
	Mathematical Practices (MP)

	
	(
	Make sense of problems and persevere in solving them. (MP.1)
	(
	Use appropriate tools strategically. (MP51)

	
	(
	Reason abstractly and quantitatively. (MP.2)
	(
	Attend to precision. (MP.6)

	
	(
	Construct viable arguments and critique the reasoning of others. (MP.3)
	(
	Look for and make use of structure. (MP.7)

	
	(
	Model with mathematics. (MP.4)
	(
	Look for and express regularity in repeated reasoning. (MP.8)

	
	LEARNER OUTCOME(S)

Students will recognize the difference among multiple types of probability.

Students will use proper formulas to calculate probabilities of contextual situations.

	ASSESSMENT TOOLS/METHODS
Parts 4 and 5 will provide the teacher the opportunity to assess students understanding of the concepts and look for signs of misconceptions.

Exit slip: 
If two dice are thrown, what is the probability that at least one of them shows a number greater than 3?
Answer: [image: image2.png]



The following table shows the percentage of Americans with each blood type:

Blood Type

Percentage of Americans

O

43%

A

40%

B

12%

AB

5%

What is the probability that two people getting married both have blood type O?

Answer:  Here we want to take the probability of person 1 having type O blood and person 2 having type O blood.  These are independent events, thus we have [image: image4.png]0.43 -0.43

.1849 = 18.5%




What is the probability that two people getting married both have the same blood type?

Answer: This time, we want to do something similar to the previous problem, but we also want to consider two people with type A, two with type B, and two with type AB.  We will then be looking for the probability of person 1 having type O blood and person 2 having type O blood or the probability of person 1 having type A blood and person 2 having type A blood or the probability of person 1 having type B blood and person 2 having type B blood or the probability of person 1 having type AB blood and person 2 having type AB blood.  In mathematical terms, this is:

[image: image5.png](0.43 - 0.43) + (0.40 -0.40) + (0.12-0.12) + (0.05 - 0.05)




[image: image6.png](0.1849) + (0.16) + (0.0144) + (0.0025)





[image: image7.png]0.3618 ~ 36.2%





	
	LEARNER PRIOR KNOWLEDGE

Students should be able to compute combinations and permutations.


	
	INSTRUCTIONAL ACTIVITIES 

Part 1: Start the lesson by handing out the vocabulary sheet; to make sure students are aware of the definitions of each key word, go over each one.  Make sure to distinguish between theoretical and experimental probabilities.  When students are asked to find the probability in a given situation, the problem is often asking for theoretical probability.  However, it is possible for the actual, observed probability to be different than the calculated probability.  

Once students have definitions, you should review/go over simple probabilities as well as the addition and multiplication rules.  An example of a simple probability would be drawing the Queen of Hearts from a standard deck of playing cards [image: image9.png])



, getting a six when rolling a single die [image: image11.png])



, or getting a tails when flipping a coin [image: image13.png])



.  The addition rule comes into play when we consider the probability of getting outcome A or outcome B.  For example, the probability of rolling a one or a two when rolling a single die would be [image: image15.png]


.  If you want to consider subsequent events, that is when we need to decide if the events are dependent or independent.  The multiplication rule is used when we want to find the probability of getting outcome A and outcome B in subsequent trials.  An example can be found on the vocabulary sheet.
Part 2: (I do) Pass out the Probability Tasks handout to students and have a standard deck of playing cards ready.  After reading the first problem and all of its parts, explain how you determine if the events are independent or dependent and how to calculate each probability (see Teacher Answer Sheet).

Part 3: (We do) Read question 2 of the Probability Tasks handout.  After giving students some time to think, ask if anyone is able to determine if the events are independent or dependent.  If a student is willing to answer, be sure to ask them to provide their reasoning.  If no one is willing to provide an answer, ask students “If you select one battery out of the drawer that you know is good, has the probability of selecting a defective battery changed?”  This should lead students to notice that the events are dependent.  Allow students to provide the probability of picking a defective battery first as it comes straight from the problem.  Then ask if someone is able to calculate the probability of picking a defective battery if the first battery was defective.  Continue until all 5 probabilities are calculated and have students calculate the overall probability of drawing 5 defective batteries.  For the probability of no defective batteries, ask if any students are able to calculate the probability that the first battery you pick will work.  If no one is able to calculate remind students that there are a total of 50 batteries and only 8 are defective.  After it is discovered that the initial probability of picking a working battery is 42/50, allow time for students to compute the remaining probabilities.  Ask for a volunteer to announce each probability and give justifications for each.  For the probability of at least one battery being defective, ask students if they have any ideas of calculating the probability.  Since there are so many different permutations that will allow for at least one defective battery, the easiest way to calculate the probability is noticing that the only way not to get at least one defective battery is when every battery works which was just calculated.  Hence the probability is the complement of that event.

Part 4: (You do) Give students regular dice and cubes to work on the rest of the problems.   Walk around the room to help students work through the problems, being sure not to give them the answers.  You may redirect student questions to other students that seem to have a better grasp of the concepts (“Ask Jill how she figured out that one”).  If students are unfamiliar with the game of rock, paper, scissors, you will need to explain to them the concept that you get the choice of rock, paper or scissors and rock beats scissors, scissors beats paper, paper beats rock, and if each player throws the same thing, is a tie.  After two or three draws, students should be able to get the concept of the game.

Part 5: After all students have completed the problems, go over each problem, having a different student present each solution.  Interject often to have other students confirm the solution and provide reasoning.

Note: If there is remaining time, you can utilize the fraction dice.  For example, you could make a scenario where two dice are rolled.  The fraction that comes up on the first die is the probability that you will inherit a large sum of money and the fraction on the second die is the probability that you will be elected president.  Based on that, what is the probability that you will be both rich and powerful?

	RESOURCES

Standard deck of playing cards 

Standard six-sided dice

Cubes (optional to use for the battery/marble questions on the task handout)

Fraction dice (optional to use if there is extra time for more review)

Probability Tasks handout
Microsoft Excel

http://stattrek.com/online-calculator/probability-calculator.aspx


	
	DIFFERENTIATION



	Reflection
	TEACHER REFLECTION/LESSON EVALUATION



	
	Additional Information

Next Steps

After student master these basic probability concepts, introducing them to the concepts of conditional probability and weighted probabilities would follow nicely.
Purposeful/Transparent

After introducing students to key words, definitions, and examples, the teacher will demonstrate several types of probability problems.  The teacher will then lead students through a trio of related problems where students will explore the concepts of dependent events and complements.  Students will then work individually on variety of similar problems gaining experience in working with probability.
Contextual
This lesson uses playing cards and dice along with different everyday situations and games to help students get a better idea of how probabilities work throughout our society.
Building Expertise

Students will build upon the definitions of key words to compute probabilities related to common games to better understand the world around them.



NOTE: The content in the Additional Information box exceeds what is required for the OBR Approved Lesson Plan Template. This information was provided during the initial development of the lesson, prior to the creation of the OBR Approved Lesson Plan Template. Feel free to remove from or add to the Additional Information box to suit your lesson planning needs.
Vocabulary Sheet

Addition Rule – when two events are mutually exclusive (the probability of both occurring is 0 - e.g., rolling a 6-sided die once and getting both a 6 and a 3.), then the probability of event A or event B happening is P(A) + P(B).  If the events are not mutually exclusive (both can occur - e.g., drawing one card from a standard deck that is a spade and a face), then we must subtract the overlapping probability of both events occurring.  (e.g.: If we want to find the probability of drawing a spade or an Ace from a standard deck of cards, we have 
[image: image16.png]13 4 1 16 4

=t 553

P(spade) + P(Ace) — P(spade and Ace]




Complement – the probability of an event not happening; equal to one minus the probability of the event happening.  For example, if the probability of being selected for a job is 0.23, the probability of not being selected for a job, or its complement, is [image: image18.png]


.

Conditional Probability – the probability that event B happens given that event A has already taken place.  The formula for this type of probability is
[image: image19.png]P(BI4) =

P(Aand B)
P(A)





We read [image: image21.png]P(BlA)



 as “the probability of B given A.”

Dependent Events – events A and B are called dependent if the outcome of A does affect the outcome of B.  For example, if you have standard deck of playing cards and draw an Ace on the first trial and do not put the Ace back in the deck, the chance of getting an Ace in the second trial will be different than it was for the first trial.

Experimental Probability – Also known as observational probability because the probability of an event is calculated based upon the amount of times an event is observed compared to the total number of trials of an experiment.  For example, if you rolled a standard 6-sided die 30 times and rolled a 4 six times, the experimental probability of rolling a 4 is [image: image23.png]


.

Independent Events – events A and B are called independent if the outcome of A does not affect the outcome of B.  For example if you flip a coin and get heads on the first trial, the probability of getting heads on the second trial is still 0.5.  

Multiplication Rule – when finding the probability of event A happening and event B happening, we use the multiplication rule.  If our events are independent, we use

[image: image24.png]P(Aand B) = P(A)-P(B)




and if they are dependent, we use

[image: image25.png]P(Aand B) = P(A)-P(B|A)




Probability –the extent to which something is likely to happen; represented by a number between 0 and 1 where 0 means impossible to happen, 0.5 means equally likely to happen as to not happen, and 1 means certain to happen. 

Theoretical Probability – the probability of an event happening based on mathematical theory and found by using formulas.  For example, if rolling a standard 6-sided die, the theoretical probability of rolling a 4 is [image: image27.png]= ¥ 0.1667
:



 and the theoretical probability of rolling a number less than or equal to 4 is [image: image29.png]2% 0.6667
3




.

Trial – a particular performance of a random experiment.  For example the drawing of one card from a standard deck of playing cards.

Probability Tasks

1. Using a standard deck of playing cards calculate each of the following:

a. The theoretical probability of being dealt a pair in a five-card poker hand.  (Note, we just want a pair.  No better hands: three-of-a-kind, four-of-a-kind, two pairs, full house.)

b. The theoretical probability of flipping over two of the face cards (including aces) in a row off the top of a deck if you do not replace the first card you flip. (Face cards consist of : Jacks, Queens, Kings, and Aces.)

c. The theoretical probability of flipping over three spades in a row if the card is replaced and the deck is shuffled after each flip.

2. If 8 out of 50 batteries in a drawer are defective and you grab 5 batteries, what is the probability that all of the batteries will be defective? What is the probability that none of the batteries will be defective? What is the probability that at least one battery will be defective?

3. Use standard six-sided dice to calculate each of the following:

a. The theoretical probability of rolling an even number.

b. The theoretical probability of rolling two dice and getting a pair.

c. The theoretical probability of rolling two dice whose product is greater than or equal to 20.

d. The theoretical probability of rolling two dice whose product is less than 20.

e. The theoretical probability of rolling two dice whose product is greater than 40.

4. If there are 30 marbles in a bag, 21 blue marbles and 9 green marbles, what is the probability of picking two blue marbles with replacement? What is the probability of picking two green marbles without replacement?

5. In the classic game of rock, paper, scissors, what is the probability of winning three rounds in a row (ties count as a draw)?  What is the probability of not losing three rounds in a row?  Pair up, play 10 three-round games of rock, paper, scissors, and find the experimental probability of each of the questions above.

Teacher Answer Sheet

a. This is a dependent event.  We want our hand to have a pair and nothing better.  Therefore, our card choices depend on what was previously put into our hand.  First off, we need to know the total number of possible hands.  As the order in which we are dealt the cards does not matter, we have permutations.  Since we are being dealt five cards from a standard deck of cards, we have 52 total cards.  Our total number of possible five-card hands is 52C5[image: image31.png]2,598,960



.   This is the same as [image: image33.png](%)



 .  In order to find the total number of hands involving a pair (and nothing better), we can follow the following thought process:
· In order to the pair, we must pick a value for the pair (i.e., there are 13 possible face values for our pair - 2 through Ace - and our pair would only be one of those 13 possibilities).  This gives us  13C1[image: image35.png]=13



. 

· After setting the value of our pair, we have four possible cards of that value - one of each suit.  Out of those four cards, we must choose two: 4C2[image: image37.png]


.
· Now that we have our pair, we need three more cards.  They all need to be of different values as we do not want a hand better than just a pair.  We have 12 remaining face values and we need to choose three of those: 12C 3[image: image39.png]=220



.
· Once the value for each of our final three cards is chosen, we have the same scenario as before: there are four of each value.  We need only one of each value this time, though we need to do it three times, so we have:  (52C5)3[image: image41.png]=43 =
= 64



.
· To find our possible number of hands with a single pair, we multiply all of our values.  Thus: [image: image43.png]13-6-220-64 =

,098,240



.
· If we wanted to write this using shorthand notation, it would be
[image: image44.png](D) - roseas




To find our overall probability, we take our possible number of hands with a pair and divide it by our possible number of five-card poker hands:
 [image: image45.png]1,098,240

W) ~ 0.423 = 42.3%




b. Since we have four different values for face cards and there are four of each (one for each suit), we have a total of 16 different face cards.  These are dependent events as the chance of your first card being a face card is 16/52 and the chance your second card is a face card given that you got a face card on the first flip is 15/51.  Hence the probability is [image: image47.png]2°+ 22 %~ 0.0905
> 5



.
c. Since the card is being replaced each time, the events are independent and the probability of getting a spade stays the same each time at [image: image49.png]


.  Hence the theoretical probability is  [image: image51.png]— 0.0156




.  Below is another way to show how to calculate the probability of getting three spades in a row that you can use to visualize this probability.  
Along the top we have the suit of our first card.  Along the left side we have the suit of our second card.  If we look at the intersection of our first two cards, we have the four suits again as an option.  Since there are 64 different squares and only one represents all three cards being spades, you end up with a 1 out of 64 chance of flipping over three spades, or approximately a 1.6% chance.

	
	
	First Card
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	Second Card
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2. The probability of your first battery being defective is 8/50, the probability of your second battery being defective given your first battery was defective is 7/49, and so on.  Hence your final probability is [image: image125.png]% le2 4242 ~0.000026
0 301 2 2



.  
For the second part of the question, the probability of your first battery not being defective is [image: image127.png]42 41,80 ,39,38
S0 49 48 47 46

~0.4015



.  

For the third part of the question, we can use the idea of a complement.  If we want at least one defective battery that is the opposite of having all five be working.  Thus, the probability is equal to the complement of the probability of all batteries working, which is [image: image129.png]1—0.4015 = 0.5985



.
a. 2, 4, and 6 are all even numbers, so we have 3 possibilities on our die.  Thus, [image: image131.png]



b. The chart below shows we have 36 possible outcomes from rolling 2 dice.  6 of those outcomes result in a pair, thus [image: image133.png]° % 0.1667
e




	
	
	First Die
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	Second Die
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c. [image: image219.png]Z ~0.2222
e



 based on the green-shaded boxes below.
	
	
	First Die
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	Second Die
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	1
	2
	3
	4
	5
	6

	
	[image: image227.png]



	2
	4
	6
	8
	10
	12
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	3
	6
	9
	12
	15
	18
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	4
	8
	12
	16
	20
	24
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	5
	10
	15
	20
	25
	30
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	6
	12
	18
	24
	30
	36


d. [image: image233.png]= %~ 0.7778
e



 or [image: image235.png]1-0.2222=

7778



 based on the non-shaded boxes above.
e. [image: image237.png]



3. Two blue with replacement: [image: image239.png]=+ 22 = 0.49
0 30



, two green without replacement: [image: image241.png]=+ 2~ 0.0828
0 29



.
4. Three wins in a row: [image: image243.png]


; three non-losses in a row:[image: image245.png]


; answers will vary for experimental probability.
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